The propagation properties of transverse localized structures are studied experimentally and numerically, showing that their free-space behavior is determined by the features acquired during the nonlinear lightmatter interaction at their origin. For a Kerr-like nonlinearity in the optical loop, localized structures show a focalization followed by the formation of a local minimum of the intensity, these features reappearing outside the loop in the near-field region of their free-space propagation. Despite the large number of experimental observations, no analytical expression for the field profile of localized structures is available to date, so no prediction is available for their evolution upon free-space propagation. Many questions related to their diffraction properties, such as how their propagation is influenced by their nonlinear nature (which are the near and far-field features), remain unanswered, though localized structures attract nowadays great interest as a new type of addressable optical beam. Indeed, understanding the propagation properties of localized structures, comparing them with Gaussian or super-Gaussian beams [6], Bessel [7, 8] , or Airy beams [9] , can be useful in view of several applications. For example, the intensity profile of such localized beams could be suitable for trapping particles, performing advanced optical-tweezer schemes [10], or realizing reconfigurable optical interconnects.
Transverse localized structures appear in optics in such different systems as semiconductor microcavities [1] or liquid-crystal experiments [2] . Their common feature is that they are the localized solution of a corresponding extended pattern, resulting from the balance between the focusing nonlinearity of the medium and diffraction effects [3] . They appear in the region of coexistence between an homogeneous and a pattern state [4] ; thus, in the transverse plane where localization occurs, localized structure behaves as independent particles that can be switched on and off by applying a small perturbation of the appropriate sign. Eventually, they can interact and form bound states [2] . Recently, localized structures have attracted a lot of interest in view of their potential applications as elementary pixels for information storage and retrieval, and the controlled writing/erasure over a suitable phase grid has been demonstrated in liquid-crystal experiments [5] .
Despite the large number of experimental observations, no analytical expression for the field profile of localized structures is available to date, so no prediction is available for their evolution upon free-space propagation. Many questions related to their diffraction properties, such as how their propagation is influenced by their nonlinear nature (which are the near and far-field features), remain unanswered, though localized structures attract nowadays great interest as a new type of addressable optical beam. Indeed, understanding the propagation properties of localized structures, comparing them with Gaussian or super-Gaussian beams [6] , Bessel [7, 8] , or Airy beams [9] , can be useful in view of several applications. For example, the intensity profile of such localized beams could be suitable for trapping particles, performing advanced optical-tweezer schemes [10] , or realizing reconfigurable optical interconnects.
In this Letter we present a detailed characterization of the propagation properties of localized structures. These are generated in an optical feedback loop, containing a liquid-crystal light valve (LCLV) as the nonlinear medium [11] . As they exit the loop, localized structures are followed during their propagation in free space. Inside the loop, their phase and intensity profile are calculated numerically by applying a Fox-Li-type iterative method. For the Kerr-like nonlinearity considered here, localized structures show a focalization followed by the formation of a hole. These features originate inside the loop and reappear outside, in the near-field region of their propagation. In the far field the divergence approaches that of a Gaussian beam with a waist equivalent to the initial size of the localized structure and a beam parameter close to one.
The experiment consists of an optical feedback loop containing a LCLV as the nonlinear medium [11] . The LCLV is made of a thin layer of nematic liquid crystal sandwiched between a glass plate and a photoconductive wall and behaves as a Kerr-like medium, providing a refractive index change proportional to the input light intensity. When passing through the LCLV the light beam acquires a nonlinear phase shift :
with ͉E͉ 2 being the total light intensity on the LCLV, d =10 m being the thickness of the liquid crystal layer, = 632.8 nm being the laser wavelength, and n 2 Ӎ −4cm 2 / W the nonlinear coefficient of the LCLV, the minus sign accounting for the defocusing type of the LCLV nonlinearity.
In the optical-feedback loop the light beam undergoes polarization interference and free propagation over a total length L fb . The amplitude E of the beam sent back to the LCLV, corresponding also to the output beam, is given by
where E 0 is the amplitude of the input beam, and diffraction is accounted for by the operator e −iL fb /4ٌ Ќ 2 , with ٌ Ќ 2 the transverse Laplacian. Diffraction converts phase fluctuations into intensity modulations; hence a positive feedback occurs for a well-defined transverse scale ͱ ͉ L fb ͉, selected by the freepropagation length L fb , and the initially uniform wavefront becomes modulationally unstable developing a pattern. When the polarization of the incident light is vertical and the initial direction of the nematic director is at 45°, polarization interference is introduced, which leads to the bistability between different orientation states of the liquid crystal. This condition, together with the presence of the characteristic spatial scale selected by diffraction, gives rise to localized structures appearing as isolated bright spots in the transverse profile of the light beam [2, 11] . In other words, the formation of localized structures occurs when the self-focusing effect provided by the nonlinearity and the broadening of the beam due to diffraction are balanced in the LCLV plane. The optical bistability permits to switch on and off a single localized structure in any desired position of the wavefront through small perturbations, such as low-power light pulses.
Note that for the LCLV the nonlinearity is selfdefocusing. However, the sign of the free-propagation length, L fb , can be made positive or negative depending on the optical-feedback configuration. More precisely, two confocal lenses of the same focal length f are inserted in the loop, which is made almost selfimaging through a quasi-4f configuration; there is an f distance from the LCLV and the first lens, 2f between the two lenses, and L from the second lens and the LCLV to close the loop. The free-propagation length is the difference from the 4f configuration,
For L fb Ͼ 0 and a focusing nonlinearity, n 2 Ͼ 0, stable localized structures are observed. For a defocusing nonlinearity, like the case for the LCLV, localized structures are stable only for L fb Ͻ 0 [12] . As a general rule, when n 2 and L fb have opposite signs, localized structures are unstable toward extended patterns; when n 2 and L fb have the same sign, the two coupled equations, Eqs. (1) and (2), have localized solutions with radial symmetry and transverse size scaling as ͱ ͉ L fb ͉.
For the L fb = −8 cm fixed in the experiment, at the exit plane of the nonlinear loop, z = 0, localized structures have a transverse size with a diameter ⌳ 0 Ӎ 250 m. The evolution of the localized structures along the z direction of their free-space propagation is followed by monitoring the intensity I͑x , y , z͒ of the output beam as it exits the loop. The irradiances, i.e., the intensity profiles in the ͑x , z͒ plane, give a direct image of the beam evolution along z.
Several localized structures appear simultaneously on the transverse profile of the output beam. After isolating a single localized structure, we follow its evolution along z by a CCD camera that records the intensity during the displacement. By reslicing the movie along x, we obtain the irradiance, as shown in Fig. 1 . After a few centimeters of free propagation the localized structure shows a sharp focus at a distance named z M , corresponding to the maximum of the intensity; then it opens up forming a central dark hole, at a distance that we denote as z m , corresponding to a local minimum of the intensity. Continuing its propagation, the structure closes up and presents a second focalization with lower intensity; then diffraction rings start to appear. The inset of Fig. 1 shows a magnified region of the irradiance, where the focal plane z M and the hole plane z m are indicated.
In Fig. 2(a) we report the dependance of z M and z m on the diffraction length ⌳ 0 2 / , where ⌳ 0 is the size of the localized structure in z = 0. Experimental points are plotted together with the results obtained from numerical integration of Eqs. (1) and (2). Both z M and z m scale linearly with ⌳ 0 2 , in particular z m Ӎ ⌳ 0 2 / ; that is, the hole forms approximately after one diffraction length. The agreement between numerical results and experiments is quite good for z m , whereas z M , which is more sensitive to the input intensity, shows some deviations from the numerical prediction. In Fig. 2(b) we report the evolution of the radius ⌳ / 2 of a localized structure as a function of the propagation distance z. The initial size, ⌳ 0 /2 = 140 m, reduces to 65 m in the focalization plane. After the focus, the beam diverges rapidly until the hole formation (approximately at 10 cm), then it continues to diverge at a lower rate. The far-field divergence is compared to that of a Gaussian beam with the same initial size w 0 = 140 m, which gives the best fit of the experimental points. The measured beam parameter is M 2 = 1.03. The transverse field E͑x , y͒ that is maintained in the feedback loop must be an eigensolution of the above model [Eqs. (1) and (2)] and can be written as E͑x , y͒ = ͉E͑x , y͉͒e i⌿͑x,y͒ , with ⌿͑x , y͒ the phase profile. Numerically, by applying a Fox-Li-type iterative method, we have obtained the irradiances of localized structures both inside and outside the opticalfeedback loop. The loop is open into a recursive structure and is taken as formed by a LCLV and a freepropagation length L fb . By taking as initial condition a field profile close to the one in z = 0, the algorithm converges. In Figs. 3(a) and 3(b) the irradiances for, respectively, one and two localized structures, calculated for n 2 =4cm
2 / W and L fb = 8 cm are shown. The thin rectangular boxes represent the LCLV reappearing recursively in the loop. After the last LCLV, the localized structures propagate in free space. For a negative free-propagation length L fb inside the loop and a negative nonlinear coefficient n 2 , we obtain the same plots as those displayed in Fig. 3 , with L fb and z pointing toward opposite directions.
Finally, the numerical intensity profile of the nearfield irradiance outside the loop is plotted in Fig. 4(a) for ͉L fb ͉ = 8 cm. The z coordinate is given in units of the diffraction length, ⌳ 0 2 / . In these units z M is located at 0.5 and z m at 1, in good agreement with the experiment. The numerical transverse amplitude and phase in z = 0 are shown in Figs. 4(b) and 4(c), respectively. We can note that the localized solution is characterized by a localized amplitude and a localized phase, the phase depending on the intensity of the beam itself. These features have their origin in the Kerr-like nonlinearity present in the feedback loop. As for the far-field behavior, we have verified on the numerical irradiances that localized structures diverge as Gaussian beams with M 2 ϳ 1, in agreement with the experimental results.
In conclusion, we have studied the propagation properties of optical localized structures, showing that the near-field region, with a sharp focus and a hole formation, reproduces the same features acquired by the localized structures inside the nonlinear loop. As for the far field, localized structures behave as Gaussian beams with a M 2 parameter close to one. 
